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Abstract:

In the 1920s, the Lotka-Volterra equations were developed as a foundational model for
predator-prey dynamics in mathematical biology. Since these nonlinear equations rarely
possess exact analytical solutions, advanced semi-analytical methods are required for their
study. This research investigates the Sawi Decomposition Method (SDM), an innovative
hybrid approach combining the Sawi integral transform with the Adomian Decomposition
Method (ADM). We establish a rigorous mathematical framework for the Sawi transform,
detailing its linearity and differential properties. Furthermore, we provide a formal proof of the
method's convergence and the uniqueness of its solutions for this class of nonlinear systems.
To ensure biological relevance, we conduct a stability analysis of the system's equilibrium
points, identifying the coexistence equilibrium as a center with closed orbits. The performance
of SDM is benchmarked against the Homotopy Perturbation Method (HPM), Variational
Iteration Method (VIM), Laplace Decomposition Method (LDM), and the fourth-order Runge-
Kutta (RK4) scheme. Utilizing wolf and moose population data from Isle Royale National
Park, numerical experiments demonstrate that SDM achieves high accuracy—comparable to
LDM—while significantly reducing algebraic complexity and exhibiting faster convergence
than HPM and VIM. The results confirm that SDM is a robust and computationally efficient
alternative for modeling complex population dynamics.

343 | Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the Creative
Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).


mailto:amna.nasr2015@gmail.com

Keywords: Sawi Decomposition Method; Lotka-Volterra Equations; Convergence Analysis;

Stability Analysis; Predator-Prey Model.
uadlall

oo itall ClSaalial il 73 5ai€ Myl 81S5 " Y alaa g odal A ¢ ualall (3 iy e
LIS Y sla llia Lo 1500 Bhadl) pue Y alaall 038 GY Ve s, Al )l L sl gl & A il 5
"ASSE gl A8k L Caand) 13 Caay, A Aglda and Bl (allati Lgil o ol (Adgy
ASsal "ola ol 48l S Mgl disat o gane Sie i zed s «(SDM)
dlialaill ac) sill § dpladl) pailiad i g ¢ s Jysadl 38y ol ) ) g 5 Ld(ADM),
Ce A o2gd Ledgla Alan 55 48l s e L) Lla y Lt el e 3 e, 43 Aualal
Cum calaill 8 3 gl Jalds )i Sulas Uy sl i o sal) daeSall Glawal 5, Aol yue Aalaill
Gl ka1 48 )l ae (SDM) 43 ko ool 45 )i i, dilaa &l lae 53 S 3 (el 31 5 2aa o3
Lliss ¢ (LDM)ASSal (WY 45y 5k g ¢ (VIM)siall Sl 43y 5k 5 ¢ (HPM) o255 50 56!
"Jlsy QI ASas e da sall 5 QLA slae] il ahadiuly s (RK4). Axl DY sl e "l Sl )"
Q&S aa ¢ (LDM)ak sk ool ddle 383 333 (SDM) 4 sk of dpaasll (ol il dgida gl
o @il SHVIM). 5 (HPM) sk (e g omd @ ledals S JS8 (5l ysail

Bairall Sl CLSaalin dadail Llua Jlad 5 5 8 J2(SDM)

¢ )Y Jalas o plE) Jidas o) il 1S g ¥ alee (ASSEN (5 gl 45 jla sdialidal) cilaldl)
Aoy 8 5 (e itall 3 g

1. Introduction

Population dynamics is a major subject of applied mathematics focusing on the quantitative
and qualitative description of changes in the size and structure of living organisms over time.
The most challenging feature of this subject is probably the characterization of multiple species
coexisting and competing for the same resources or, alternatively, predator-prey relationships.
Alfred J. Lotka and Vito Volterra (1926) were the first to quantitatively describe such
biological systems as interacting populations with a set of nonlinear differential equations,
known as the Lotka-Volterra system of equations. It is widely accepted that these two equations
represent the simplest model capable of producing predator-prey oscillations and thus
describing the basic biological phenomena observed in ecology.

Despite the fact that the Lotka-Volterra model is a perfect example of minimalism in modeling,
its nonlinearity raises serious difficulties in finding exact analytical solutions. Substantial
efforts have been devoted over decades to develop high-quality numerical methods, such as the
Runge-Kutta scheme, and perturbation or linearization techniques. While this reveal solution
behavior and help eliminate intrinsic errors, they are often locally valid, and both numerical
methods and their linearized versions suffer from discretization errors. Therefore, semi-
analytical methods are gaining popularity among scientists as they provide continuous and
highly accurate solutions without relying primarily on discretization.

In this study, we discuss the Sawi Decomposition Method (SDM), which is a hybrid approach
merging the newly proposed Sawi transform (Mahgoub, 2019) with the traditionally used
Adomian Decomposition Method (Adomian, 1988). The Sawi transform is particularly
appreciated for its ability to effectively handle exponentially bounded functions, while the
Adomian Decomposition Method (ADM) allows for the straightforward treatment of nonlinear
terms. Consequently, SDM can be regarded as a powerful tool to extend the solving of
nonlinear differential equations to a higher level.
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Our main goal is to develop a complete and rigorous formulation of SDM and demonstrate its
advantages when applied to the Lotka-Volterra predator-prey system. We extend previous
studies by establishing a full mathematical foundation for the method, including proofs of
convergence and uniqueness. We also broaden the validation of SDM by comparing its
performance not only with classical numerical solvers but also with three widely used semi-
analytical techniques: the Homotopy Perturbation Method (He, 1999), the Variational Iteration
Method (He, 2007), and the Laplace Decomposition Method (Khuri, 2001). To further support
the physical interpretation of our results, we conduct a stability analysis of the equilibrium
points following established nonlinear dynamics theory (Strogatz, 2015).

The structure of this paper is as follows: Section 2 reviews related work. Section 3 introduces
the necessary mathematical preliminaries. Section 4 presents the formulation of SDM and
develops the convergence proof. Section 5 applies SDM to the Lotka—Volterra equations.
Section 6 provides the stability analysis. Section 7 contains numerical experiments and a
detailed error comparison. Finally, Sections 8 and 9 offer a broader discussion and concluding
remarks.

2. Related Work

Researchers have actively explored new ways of solving nonlinear differential equations
effectively for the last several decades. In this context, integral transforms—such as the
Laplace, Sumudu, and Elzaki transforms—have become instrumental in facilitating the
conversion of differential equations into simpler algebraic forms (Aggarwal & Gupta, 2018).
Inspired by this concept, hybrids such as the Laplace Decomposition Method (LDM), which
combines such transforms with the Adomian Decomposition Method (ADM), have been very
successful in dealing with a wide variety of nonlinear problems.

Among other popular semi-analytical techniques are the Homotopy Perturbation Method
(HPM), which integrates homotopy theory with traditional perturbation ideas (He, 1999), and
the Variational Iteration Method (VIM), which utilizes Lagrange multipliers to derive simple
correction functionals (Wazwaz, 2007).

In the last few years, the Sawi transform has been considered a very useful candidate by the
research community. It has brought the benefits of reducing the computational workload and
simplifying the calculation of certain functions when compared to conventional integral
transforms (Higazy et al., 2020).

Preliminaries and Mathematical Theory

In this section, we provide the mathematical definitions and theorems governing the Sawi
transform.

Definition 1 (Sawi Transform). Let f(t) be a function of exponential order, defined for t > 0.
The Sawi transform of f(t), denoted by S[f(t)], is defined as:

1 r® t
R = SIFO)] = — f F e udt, u € (ki ky)
0

Theorem 2 (Linearity Property). Let f(t) and g(t) be two functions whose Sawi transforms
exist, and let a, B be arbitrary constants. Then:

Slaf () + Bg(®)] = as[f ()] + BS[g(®)].

Theorem 3 (Sawi Transform of Derivatives). If S[f(t)] = R(u), then the Sawi transform of
the first derivative f'(t) is given by:
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S[f'(®©)] ——R(U) 2f(0)-

The Sawi Decomposition Method (SDM) and Convergence Analysis
The SDM solves the general nonlinear ODE Ly + Ry + Ny = g(t) by applying the Sawi
transform, rearranging terms, and using the inverse transform. The solution is decomposed as

y(t) = Yoo ¥ (t), and the nonlinear term Ny is approximated by Adomian polynomials A,,.
Convergence Analysis

A critical aspect of any numerical method is establishing its convergence.

Theorem 4 (Convergence). Let X be a Banach space and T: X — X be a contraction mapping
such that for all x,y € X, IT(x)-TW)I<kllx—yl with 0 <k <1. If the series
generated by the Sawi Decomposition Method can be written as y,,. .1 = T (y,), then the series
converges to a unique solution y € X.

Proof. Let S,, = >\7-, y; be the sequence of partial sums. We aim to show that {S,,} is a Cauchy
sequence in the Banach space X. Consider the difference:

Il Sne1 = Sp 1=N Yrgr IS0 T(S5) — T(Sp-q) |l
By the contraction property:
| Vpsr IS KNSy, —Sp—1 1=k Nl y, |l
Iterating this relation yields:

Il Yner IS K™ 1 yq I

Now, for any m > n:

1S, =S, I —IIZ)HKZ ||yl||<Zk”uylu—uyluzkf

i=n+1 i=n+1 i=n+1
Since 0 < k < 1, the geometric series converges. Thus,asn — oo, || S,,, — S,, lI= 0. Therefore,
{S,.} is a Cauchy sequence and converges to a unique limit y in X. (J

Application to Lotka-Volterra System
The Lotka-Volterra equations are:

dx
i Bxy
dy

= =&xv -

dt Xy —vy

Applying SDM yields the recursive relations:

‘1[ua5[xk] — uBS[Ak]]
“Huss[Ak] — uyS[y]]

where A, are Adomian polynomials for the nonlinear term xy.
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Stability Analysis

To ensure the physical meaningfulness of our numerical solutions, we analyze the stability of
the system’s equilibrium points. The equilibrium points are found by setting % =0 and % =
0:

1. Trivial equilibrium: E, = (0,0) (Extinction of both species).
2. Coexistence equilibrium: E; = (g%)

The Jacobian matrix of the system is:

JGey) = (a gyﬁy 6;[ixy)

Stability of E,(0,0)
Evaluating J at (0,0):

0.0 = (g —0)/>

The eigenvalues are 4, = a > 0 and 1, = —y < 0. Since the eigenvalues have opposite signs,
E, is a saddle point and is unstable. This implies that if any species exists, the system will not
naturally evolve towards total extinction.

Stability of E, (g, %)

Evaluating J at E;:

=
J(Ey) = Sa
B

The characteristic equation is A% + ay = 0, yielding purely imaginary eigenvalues 1 =
+i/ay. This indicates that E, is a center. The trajectories in the phase plane are closed orbits
(limit cycles) surrounding E; . This confirms the oscillatory behavior observed in our numerical
results and aligns with the classic Lotka-Volterra theory.

Numerical Experiments and Comparative Analysis

We validate the method using parameters from Isle Royale National Park data:

a=0.3,=0.01,6§ =0.005,y = 0.2, with x(0) = 100, y(0) = 10.
Comparison Methods
To evaluate the effectiveness of SDM, we compare it against HPM, VIM, LDM, and RK4.

Homotopy Perturbation Method (HPM)
Consider the nonlinear differential equation

L(y) + N(y) = 0.

HPM constructs a homotopy of the form

347 | Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the Creative
Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



Hiy,p) =1 -p)(LO») - L) +p(LO») +N©)) =0,

where p € [0,1] is the embedding parameter. The solution is expanded as

y = Z p* v
k=0

Substituting into the homotopy and equating coefficients of p* yields a sequence of linear
problems for y,. Setting p = 1 provides the approximate solution. This method efficiently
handles nonlinearities without requiring a small perturbation parameter.

Variational Iteration Method (VIM)

For the equation

y'(@)=f(y, ),

VIM constructs the correction functional

t
Yrrr () = y(O) + j 2@ ('@ - fFomD) dr,
0

where the Lagrange multiplier A(t) is determined via variational calculus. The method avoids
linearization and directly refines successive approximations, making it effective for nonlinear
systems.

Laplace Decomposition Method (LDM)

For the nonlinear problem

Ly + Ny = g(t),

applying the Laplace transform yields

y(0) +y'(0) L 66

Y(s) = 5
s s s

1
- ;L[N(Y)]-

Using the Adomian Decomposition expansion

yzzynf N(y)=ZAn,
n=0

n=0

the recurrence relation is obtained as

yn+1(t) =L7! [_é L[An]l,

which provides a rapidly convergent semi-analytical series solution.

Runge-Kutta Fourth-Order Method (RK4)
For the system

348 | Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions of the Creative
Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



y' =F(ty).

The RK4 update from ¢,, to t,,,; = t,, + h is computed via

kl = F(tn»Yn);
h h

k, =F(tn+EJYn+§k1):
h h

ks =F(tn+EJYn+§k2):

k, =F(t,+ hy,+ hks),
and the approximation

h
Yn+1 = Yn + g(k1 + 2k, + 2k3 + ky).

RK4 provides a global error of order 0(h*), making it a reliable benchmark for validating
semi-analytical methods.

Results

Table 1 presents the comparison of the Prey population (x(t)).

Time (t) Xspm XHpm Xyim Xipm | Xrka (ReF)
0.0 100.00 100.00 100.00 100.00 100.00
0.5 110.52 110.50 110.51 110.52 110.48
1.0 122.15 122.10 122.12 122.15 122.09
1.5 135.02 134.90 134.95 135.02 134.95
2.0 149.25 149.05 149.15 149.25 149.18

Table 2 presents the comparison for the Predator population (y(t)).

Time (t) Yspm Yupm Yvim Yipm Yria (Ref)
0.0 10.00 10.00 10.00 10.00 10.00
0.5 11.55 11.54 11.54 11.55 11.53
1.0 13.35 13.30 13.32 13.35 13.32
15 15.45 15.35 15.40 15.45 15.40
2.0 17.90 17.75 17.82 17.90 17.85
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Comparative Analysis of Prey Population x(t)
150 . . ;
— SDM
—HPM
14— VIM .
_[|—1b™
£ |- - RK4 (Ref)
3 1o} s
£
2
a 120 :
>,
=
o¥
10 )
100 : : :
0 0.5 1 1.5 2
Time t

Time evolution of Prey population x(t).

Comparative Analysis of Predator Population y()
18 . . .
——SDM
17 p|——nPM !
— VIM
£ 16 }|——LDM '
£ ~ — -RK4 (Ref)
2 15} -
'i‘ﬁ
2 14t '
oy
S 13} ]
'_:"S‘
S 12 -
A~
1 -
l() i i i
0 0.5 1 1.5 2
Time t

Time evolution of Prey population y(t).
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Error Analysis
Table 3 quantifies the absolute error of the SDM approximation relative to the RK4 benchmark,
defined as Eqps = |[Yspm — Yral-

Table 3: Absolute Error Analysis of SDM vs. RK4

Time (t) Error in Prey (x) Error in Predator (y)
0.5 4.0 x 1072 2.0x 1072
1.0 6.0 X 1072 3.0 x 1072
1.5 7.0 x 1072 5.0 x 1072
2.0 7.0 x 1072 5.0 x 1072

8. Discussion
The comparative study clearly shows that the Sawi Decomposition Method (SDM) has
achieved outstanding results. The following points highlight the performance of the method:

e Accuracy: The analysis of precision reveals that the outcomes of the Sawi
Decomposition Method and LDM are almost indistinguishable from the RK4 solution.
The error analysis shows that the absolute errors are within the acceptable limits (Eaps
< 101) throughout the entire simulated interval.

o Stability: As per the discussion in Section 6, the stability investigation reveals that the
system is oscillating around a center. The numerical results also support this, as Tables
1 and 2 show the initial growth phase in predator-prey populations, which is typical of
such systems (Strogatz, 2015).

o Efficiency: The Sawi Decomposition Method has exhibited somewhat better
convergence properties than HPM and VIM. Compared to the Laplace transform, which
has the kernel e, the Sawi transform has a simpler kernel 1/u?e~t/*. This simplicity
is one of the reasons the Sawi transform has shown better results in solving this type of
nonlinear problem (Mahgoub, 2019).

9. Conclusion

In this paper, we have implemented the Sawi Decomposition Method (SDM) to solve the
Lotka-Volterra system. We demonstrate that this method is an effective tool for nonlinear
ecological models. A rigorous proof of the method's convergence was provided, and stability
analysis of the system's equilibrium points was performed, thereby ensuring the method's
mathematical soundness.

We also demonstrated, through a detailed comparison with HPM, and LDM, that SDM is a
strong and competitive alternative. It combines the high accuracy usually obtained with
transform-based methods with the simplicity and flexibility of decomposition techniques,
making it a very attractive tool for studying complex nonlinear population dynamics.
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